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We study binary mixtures of Bose-Einstein condensates confined in a two-well potential within
the framework of the Gross-Pitaevskii equation. We reexamine both the single component
and the binary mixture cases for such a potential. We investigate the most usual dimensional
reductions used to solve the Gross-Pitaevskii equations, including the one proposed by Reatto
and collaborators. To this end, we compare numerical simulations of the 1D reductions with
the full 3D numerical solutions of the Gross-Pitaevskii equation. Our analysis considers an
experimentally feasible binary mixture of an F = 1 spinor condensate where two of its Zeeman
manifolds are populated.
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1. Introduction
The first evidence of phase coherence of a BEC was obtained in early experi-
ments [1] where clean interference patterns appeared in the overlapping region of
two expanding condensates. It has been only recently that clear evidence of an
external bosonic Josephson junction in a weakly linked scalar (single component)
BEC has been experimentally reported, first by the group of M. Oberthaler in Hei-
delberg [2], followed by the group of J. Steinhauer [3]. Internal Josephson dynamics
has also been experimentally achieved [4].
In the experiment of Ref. [2], two condensates are confined in a double-well po-
tential with an initial population imbalance between both sides which triggers the
Josephson oscillations. The tunneling of particles leads to a coupled dynamical evo-
lution of the two conjugate variables, the phase difference between the two weakly
linked condensates and their population imbalance. In spite of the system being
dilute, the atom-atom interaction plays a crucial role in the Josephson dynamics,
leading to new regimes beyond the standard Josephson effect, e.g. macroscopic
quantum self-trapping (MQST).
The Gross-Pitaevskii (GP) theory provides an appropriate framework for investi-
gating Josephson dynamics in weakly interacting systems provided: (a) the number
of atoms is large enough so that quantum fluctuations can be neglected, and (b)
the initial many-body state is of mean-field type. Josephson oscillations in scalar
Bose-Einstein condensates were initially studied by [5, 6], and since then they have
been studied using different techniques, for a review see [7]. For N . 100, the
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exact Josephson dynamics has been recently shown to depart from the mean-field
Gross-Pitaevskii, as seen in the evolution of the population imbalance or with the
appearance of fragmentation [8]. For small N the transition from Josephson to
self-trapped dynamics has also been shown to involve the appearance of strongly
correlated quantum states [9]. For larger number of atoms, N & 1000 the full three
dimensional time-dependent Gross-Pitaevskii equation (GP3D ) provides a rea-
sonable agreement with the experimental data of Ref. [2], see Refs. [7, 10], where
N ∼ 1150 and the system is let to evolve for less than a Rabi time.
However, since 3D dynamics need in general rather involved calculations, one
can benefit from the fact that the barrier is created along one direction and the
tunneling of particles is mainly one dimensional (1D) to investigate the Josephson
dynamics by means of effective 1D GP-like equations. Among these reduced GP
equations, the non-polynomial nonlinear Schro¨dinger equation (NPSE ) proposed
by Prof. Reatto and collaborators in Ref. [11] has provided the best agreement
with the experimental results in scalar condensates, whereas another effective 1D
Gross-Pitaevskii equation (GP1D ) fails to describe the dynamics for large number
of trapped atoms in the same trapping conditions as in the Heidelberg’s experi-
ment [7].
Josephson oscillations in binary mixtures confined in double-well potentials have
been addressed in a number of recent articles. The case of two-component BECs
with density-density interactions has been studied within two-mode approaches in
Refs. [12–19]. Ref. [17] goes one step further and also considersGP1D simulations.
Spin-dependent interactions have been addressed in Refs. [20–22]. In Refs. [20, 23]
the interest of studying Josephson dynamics in binary mixtures has been empha-
sized as it can give access to information of the different scattering lengths present
in the system.
The paper is organized as follows. The coupled Gross-Pitaevskii equations for a
binary mixture are presented in Sect. 2 , as well as the different one-dimensional
reductions of the GP3D equations for the mixture: GP1D and NPSE . In Sect. 3
we review results for the single component case. And in Sect. 4, we discuss the
dynamics of a bosonic binary mixture in a double-well potential with the same
parameters as in the experiment [2]. Finally, the conclusions are presented in Sec. 5.
2. Mean field approach: Gross-Pitaevskii equations
We consider a binary mixture of weakly interacting bosons at zero temperature,
confined by a symmetric double-well potential, V (r). For dilute systems with
large enough number of particles, the Gross-Pitaevskii equation provides a suit-
able framework to study the dynamics. In the mean field approximation, each
condensate is described by the corresponding wave function Ψi(r; t), with i = a, b
denoting each of the two components of the binary mixture. In most situations,
the system will behave as if there were four weakly linked Bose-Einstein conden-
sates, two per each component of the binary mixture per each side of the potential
barrier. The mean field description will reflect this feature by the homogeneous
quantum phase of Ψi(r; t) at each side of the potential barrier.
The dynamical evolution of the two wave functions can be obtained by solving
the two coupled GP equations:
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i~
∂Ψa(r; t)
∂t
=
[
− ~
2
2ma
∇2 + V (r) + gaaNa|Ψa(r; t)|2 + gabNb|Ψb(r; t)|2
]
Ψa(r; t)
i~
∂Ψb(r; t)
∂t
=
[
− ~
2
2mb
∇2 + V (r) + gbaNa|Ψa(r; t)|2 + gbbNb|Ψb(r; t)|2
]
Ψb(r; t). (1)
For each component, the condensate wave function Ψi(r; t) is normalized to 1, mi
is the atomic mass, and gii = 4pi~
2ai/mi is the effective atomic interaction between
atoms of the same species, with ai the corresponding s-wave scattering length. The
coupling between both components is governed by the inter-species interaction
gab ≡ gba, which depends on the specific nature of the binary mixture. The total
number of atoms in the mixture is N = Na +Nb.
We will consider binary mixtures made of F = 1 87Rb atoms populating the
m = ±1 Zeeman sublevels. This implementation simplifies the dynamics as the
inter- and intra-species couplings are similar in magnitude. Of course this choice
limits the phenomena which can be observed. On the other hand its simplicity
allows to discuss the different dimensional reductions of the 3D equations taken in
the literature.
We consider the same setup and the same trap parameters as in the experiments
of the Heidelberg group [2]. There, a condensate of 87Rb with 1150 atoms is confined
to a fairly small region of ∼ 5µm through the potential,
V (r) =
1
2
M(ω2xx
2 + ω2yy
2 + ω2zz
2) + V0 cos
2(pix/q0) (2)
with ωx = 2pi × 78 Hz, ωy = 2pi × 66 Hz, ωz = 2pi × 90 Hz, q0 = 5.2µm, and
V0 = 413h Hz.
In the full GP3D simulations we define the number of atoms in the left well as:
NL(t) =
∫ 0
−∞
dx
∫∞
−∞
dy
∫∞
−∞
dz |Ψ(r; t)|2 . The number of atoms in the right well
is computed as NR(t) = N −NL(t). From these values, the population imbalance
reads, z(t) = (NL(t)−NR(t))/N . Analogous definitions are used in theGP1D and
NPSE equations.
The phase at each side side of the potential barrier is obtained in the
following way. The phase at each point at a certain time, φ(x, y, z; t), is:
Ψ(x, y, z; t) =
√
ρ(x, y, z; t) exp(ı φ(x, y, z; t)) , where the local density is
ρ(x, y, z; t) = |Ψ(x, y, z; t)|2 . Averaged densities, integrating over the z component,
are defined as ρ(x, y; t) =
∫∞
−∞
dz ρ(x, y, z; t) .
To visualize the phase coherence along some of the planes we de-
fine an average phase, integrating the z component, as φ(x, y; t) =
1
ρ(x,y;t)
∫∞
−∞
dz ρ(x, y, z; t) φ(x, y, z; t) . The phase on the left, φL(t), is defined as,
φL(t) =
1
NL(t)
∫ 0
−∞
dx
∫ ∞
−∞
dy
∫ ∞
−∞
dz ρ(x, y, z; t) φ(x, y, z; t) . (3)
The phase on the right, φR(t), is defined accordingly. The phase difference between
each side of the barrier is computed as δφ(t) = φR(t)− φL(t).
2.1. One dimensional Gross-Pitaevskii-like equations (GP1D )
Assuming that most of the dynamics takes place in the direction which contains
the barrier, the x direction in our case, one can approximate the wave function
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of the system by Ψ(x, y, z; t) ∼ Ψ1D(x; t) ϕg.s.(y) ϕg.s.(z) , where ϕg.s. are the
corresponding ground state wave functions for the trapping potential in the y or z
direction in absence of interactions. In this way it can be shown [24] that in the case
of one component system, Ψ1D(x; t) fulfills a Gross-Pitaevskii-like 1D equation,
i~
∂Ψ1D(x; t)
∂t
=
[
− ~
2
2m
∂2x + V (x) + g1DN |Ψ1D(x; t)|2
]
Ψ1D(x; t) , (4)
where the corresponding 1D coupling constant is obtained rescaling the 3D one,
g1D = g/(2pia
2
⊥), being a⊥ the transverse oscillator length, a⊥ =
√
~/mω⊥, with
ω⊥ =
√
ωzωy.
The extension to binary mixtures (and also to spinor condensates [25]) may be
written down readily,
i~
∂Ψ1Da (x; t)
∂t
=

− ~2
2m
∂2x + V (x) +
∑
j=a,b
ga j;1DNj |Ψ1Dj (x; t)|2

Ψ1Da (x; t)
i~
∂Ψ1Db (x; t)
∂t
=

− ~2
2m
∂2x + V (x) +
∑
j=a,b
gb j;1DNj|Ψ1Dj (x; t)|2

Ψ1Db (x; t)
(5)
where, the rescaled couplings are gij;1D = gij/(2pia
2
⊥).
2.2. Non-polynomial Schro¨dinger equation (NPSE )
A more sophisticated reduction that includes to some extent the transverse motion
of the elongated BEC in the corresponding potential is the so-called non-polynomial
Schro¨dinger equation, proposed for a scalar BEC by Prof. Reatto and collabora-
tors [11]. The NPSE recovers the previously discussed 1D reduction in the weakly
interacting limit, but it has been shown to provide the best agreement with the
experimental results on Josephson oscillations between two coupled BECs [22]. The
NPSE for the one-component case reads,
i~
∂Ψ(x; t)
∂t
=
[
− ~
2
2m
∂2x + V (x) + g1D
N |Ψ(x; t)|2√
1 + 2asN |Ψ(x; t)|2
(6)
+
~ω⊥
2
(
1√
1 + 2asN |Ψ(x; t)|2
+
√
1 + 2asN |Ψ(x; t)|2
)]
Ψ(x; t) ,
The generalization of the NPSE for two components in a binary mixture of BECs
has been addressed in Ref. [26]. The system of equations, which become rather
involved, can be further simplified in the case of equal interactions, both intra- and
inter-species:
i~
∂Ψj(x; t)
∂t
=
[
− ~
2
2mj
∂2x + V + g1D
ρ(x; t)√
1 + 2asρ(x; t)
+
~ω⊥
2
(
1√
1 + 2asρ(x; t)
+
√
1 + 2asρ(x; t)
)]
Ψj(x; t) (7)
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Figure 1. Dynamical evolution of the population imbalance, z, between both sides of the barrier for a single
component condensate. Solid (red) line corresponds to the GP3D , the dashed (blue) line to the NPSE ,
and the dotted (black) stands for the GP1D . Panel (a) contains δφ(0) = 0 cases, with z(0) = 0.1, 0.35,
and 0.6. (b) Corresponds to the critical value, z(0) = 0.39 and δφ(0) = 0. (c) Depicts two self-trapped
cases with an initial δφ(0) = pi, with z(0) = 0.2, and 0.4.
where ρ(x; t) = Na|Ψa(x; t)|2 + Nb|Ψb(x; t)|2, j = a, b, and, as before, g1D =
g/(2pia2⊥), g ≡ gaa = gbb = gab = gba, and
∫
dx|Ψj(x)|2 = 1 .
3. Numerical results for a single component condensate
First, let us consider the case of a single component condensate. In Fig. 1 we
present the time evolution of the population imbalance for Josephson, and self-
trapped regimes. We compare the full GP3D (solid red) with the two 1D reduc-
tions, GP1D (dotted black) and NPSE (dashed blue).
The first panel, (a), contains simulations performed with zero initial phase differ-
ence, i.e. Josephson oscillations and self-trapping cases. For the Josephson cases,
z(0) = 0.1, 0.35, the imbalance oscillates with a frequency which is mostly in-
dependent of the initial imbalance (for small imbalances). With z(0) = 0.1 the
oscillations are almost sinusoidal, while as we increase the initial imbalance their
shape becomes more involved but remaining periodic. In the self-trapped case,
z(0) = 0.6, the atoms remain mostly on their initial side of the trap and there
are short and small periodic oscillations as predicted by two-mode models [5]. At
longer times, the imbalance is seen to decrease smoothly, implying a departure
from the predicted two-mode dynamics.
The two 1D reductions give in most situations qualitatively similar results as
the GP3D , but not quantitatively in all cases. The NPSE is seen to reproduce
very well the GP3D in all the runs up to times near ∼ 40 ms. Above those
times, the period of oscillation predicted by the NPSE is slightly shorter than
the GP3D one. The GP1D on the contrary only captures the amplitude of oscil-
lation in the Josephson dynamics, failing in all cases to give the same period as the
GP3D or the NPSE . Moreover, the GP1D departs notably from the GP3D for
the self-trapped case.
Panel (b) is computed very close to the critical value for the appearance of
self-trapping in the full GP3D , z(0) = 0.39 for δφ(0) = 0. The GP1D and
NPSE predict a critical initial imbalance close to the GP3D value.
Panel (c) contains two self-trapped cases obtained with an initial δφ(0) = pi
and z(0) = 0.2, and 0.4. Notice that for δφ(0) = pi the critical imbalance is
smaller than for δφ(0) = 0. The discussion is similar to the Josephson case, i.e. the
NPSE captures most of the dynamical features of theGP3Dwhile theGP1D only
provides a qualitative understanding of the problem.
To further explore the quality of the 1D reductions, we present in Fig. 2 the
density profiles in the x direction after integrating the y and z components, ρ(x; t) =∫∞
−∞
dy
∫∞
−∞
dz |Ψ(x, y, z; t)|2 at t = 50 ms. The agreement between theNPSE and
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Figure 2. Snapshots of the axial density profiles, ρ(x; t) (µm)−1 at t = 50 ms calculated by means of the
GP3D evolution (solid red line), the NPSE (dashed blue line), and the GP1D (dotted black line). The
initial conditions correspond to the ones used to generate Fig. 1.
theGP3D is very good in most situations, except for the critical case, as expected.
In all cases the density profiles show a clear bi-modal structure. The GP1D does
not predict the correct density profiles and, as seen in the self-trapped case, (z(0) =
0.6, δφ(0) = 0), does show the contribution of higher modes. The critical initial
imbalance starting with no phase difference that we find numerically by means of
the GP3D is the same as found in Ref. [10], zc = 0.39, and differs from the one
reported in Ref. [2], zc = 0.5. The agreement of the NPSEwith GP3D results
justifies the use of NPSE in Ref. [2] to analyze their experiment.
4. Numerical solutions of the 3D Gross-Pitaevskii equations: binary mixture
As discussed in Sec. 2, one feasible way of experimentally prepare binary mixtures of
BECs is to consider a number of atoms populating them = ±1 Zeeman components
of an 87Rb F = 1 spinor. The experimental observation of Josephson tunneling
phenomena by the Heidelberg group seems to be possibly extended to trap both
Zeeman components. In this case the two components of the mixture have the same
mass, M ≡ ma = mb, and equal intra-species interactions, gaa = gbb ≡ g. With
respect to the inter-species interaction we will consider the case of 87Rb which
implies gab ∼ g.
The mean field GP3D system of equations governing the dynamics of the three
components of an F = 1 spinor BEC can be written as [27],
i~
∂ψ±1
∂t
= [Hs + c2(n±1 + n0 − n∓1)]ψ±1 + c2ψ20ψ∗∓1 ,
i~
∂ψ0
∂t
= [Hs + c2(n1 + n−1)]ψ0 + c22ψ1ψ∗0ψ−1 , (8)
with Hs = −~2/(2M)∇2+V + c0n being the spin-independent part of the Hamil-
tonian. The density of the m-th component is given by nm(r) = |ψm(r)|2, while
n(r) =
∑
m |ψm(r)|2 is the total density normalized to the total number of atoms
N . The couplings are c0 = 4pi~
2(a0 + 2a2)/(3M) and c2 = 4pi~
2(a2 − a0)/(3M),
where a0 and a2 are the scattering lengths describing binary elastic collisions in the
channels of total spin 0 and 2, respectively. Their values for 87Rb are a0 = 101.8aB
and a2 = 100.4aB [28]. Since the spin-dependent coupling, c2, is much smaller than
the spin-independent one, c0, and the total number of atoms that we will consider
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Figure 3. Full GP3D calculations of the dynamics of a binary mixture with za(0) = 0.5, zb(0) = 0.2,
δφa(0) = 0, δφb(0) = 0, fa = 0.25 and fb = 0.75. Each row contains from left to right: 3D depictions
complemented by contour plots of ρa(x, y; t), a contour plot of the averaged phase φa(x, y; t), 3D depictions
complemented by contour plots of ρb(x, y; t), and a contour plot of the averaged phase φb(x, y; t). Each
row corresponds to a different time, 0.5 ms (upper), 20 ms (middle) and 60 ms (lower), respectively.
is relatively small N = 1150, the population transfer between the different com-
ponents can be neglected [20]. Therefore, in our calculation the number of atoms
in each sublevel remains constant in time allowing to treat the system as a binary
mixture of components a and b. Comparing the system of Eqs. (1) and (8) the
value of the couplings can be read off, gaa = gbb = c0 + c2 and gab = gba = c0 − c2.
Once the total number of atoms is fixed, we investigate the Josephson-like dy-
namics for different numbers of atoms populating each component, Na = faN and
Nb = fbN , and for different initial conditions za(0), zb(0), δφa(0) and δφb(0).
4.1. Phase coherence and localization
The numerical solutions of the GP3D for the single component system showed
two features. First, the atoms remained mostly localized in the two minima of the
potential-well and secondly, each group of atoms had to a large extent the same
quantum phase. This, clearly supported the picture of having two BEC, one at each
side of the barrier, with a well defined phase at each side during the dynamical
evolution.
As in the scalar case, our exact GP3D numerical solutions of the dynamics of
the binary mixture in several initial conditions of population imbalances and phase
differences show the same two distinctive features, see Fig. 3. First, the density of
atoms for each component is always bi-modal, with the two atom bunches centered
around the minima of the potential well. Secondly, the phase of the wave function
is mostly constant for each species at each side of the potential trap. Thus, we
find that the GP3D does predict the dynamics to be mostly bi-modal also for the
binary mixture case.
At the end of the section we will consider some deviations from the bi-modal
behavior that are found in very specific conditions.
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Figure 4. Behavior of the population imbalance, za(t) (solid lines), and zb(t) (dashed lines), and phase
difference, δφa(t) (solid lines) and δφb(t) (dashed lines), computed using GP3D (black lines), and
NPSE (blue lines) in a polarized case, fa = 0.8, left, and a zero polarization case, fa = 0.5, right,
respectively. The initial conditions are za(0) = 0.1, zb(0) = −0.15 and δφa(0) = δφb(0) = 0 for the left
panels, and za(0) = −zb(0) = 0.15 and δφa(0) = δφb(0) = 0 for the right panels.
4.2. Rabi and anti-Josephson modes
The two predictions of the two-mode model described in Refs. [20, 22], namely
the “anti-Josephson” behavior, and the enhancement of the Rabi mode, are con-
firmed by the NPSE and GP1D simulations as can be seen in Fig. 4. In Fig. 4
(left panels) we consider a very polarized case with fa = 0.8. As expected from
two-mode analysis the dynamics of the most populated component should to a
large extent decouple from the less populated one and perform fast Josephson
oscillations with a frequency close to the corresponding one for the scalar case,
ωJ = ωR
√
1 +NU/(~ωR) (where ωR is the Rabi frequency, that is, the frequency
of oscillation of a single atom in the double-well potential). The GP3D simulation
is seen to confirm the above predictions. The less abundant component is strongly
driven by the most populated one and shows an anti-Josephson behavior as de-
scribed in Ref. [20].
Another prediction is related to the behavior of za + zb and za − zb in the non-
polarized case, fa = fb. As explained in Ref. [22] in this case the difference, za−zb,
should enhance the long mode which oscillates with the Rabi frequency of the
system, while the sum za+zb should mostly oscillate with the Josephson frequency,
ωJ . In the right part of Fig. 4 we present the extreme case when za(0) = −zb(0)
computed with GP3D and NPSE . In this case, both population imbalances and
phase differences oscillate mostly with the Rabi frequency of the system, keeping
during the time evolution za + zb ∼ 0.
Both 1D reductions produce qualitatively similar physics. The only important
difference is that the frequency of the Josephson oscillations is higher in theGP1D ,
as occurred already for the single component [22].
Interestingly, they predict different Josephson oscillations while the Rabi fre-
quencies are similar. The long oscillation corresponding to the Rabi mode is seen
to agree well with the corresponding long oscillation seen in the right panels of
Fig. 4. The Josephson-like oscillations of binary mixtures of spinor F = 1 87Rb
BECs around the (z0a, δφ
0
a, z
0
b , δφ
0
b) = (0, 0, 0, 0) are therefore essentially controlled
by two frequencies, ωR and ωJ .
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Figure 5. Two simulations with the same initial conditions, za(0) = 0.1, zb(0) = −0.15, δφa(0) = 0 and
δφb(0) = pi but with different compositions of the mixture. The case on the left has fb = 0.2 while the
case on the right fb = 0.8. The blue lines are obtained by means of a full GP3D and the black lines are
the NPSE results. Solid and dashed lines correspond to the a and b components, respectively.
4.3. Small oscillations around z0
a,b
, δφ0
a
= 0 and δφ0
b
= pi; Effects beyond
two-mode.
As explained in detail in Ref. [22], the dynamics for these conditions depend on
the specific value of fb considered. The trivial equilibrium point at zi = 0 exists
provided fb . 0.43 [22]. This prediction of the two-mode models is observed both
in the GP3D and NPSE as it can be seen in Fig. 5. In the figure, we consider
a simulation with za(0) = 0.1, zb(0) = −0.15, and fb = 0.2 < 0.43 (left pan-
els). The population imbalance (upper panel) of both components oscillates in the
usual Josephson regime. At the same time, the phase difference oscillates with its
characteristic phase-shift of pi/2 with respect to the imbalance (lower panel). The
phase of the a component oscillates around δφa = 0 while δφb does oscillate around
δφb = pi.
A completely different picture emerges when the fraction of atoms in both com-
ponents is exchanged, fb = 0.8 > 0.57 (right panels), with most of the atoms
populating the b component. In this case, the oscillation amplitude is large, both
components remain trapped on their original sides and the phase difference becomes
unbounded. This should be considered as a genuine effect of the binary mixture as
each component follows a running phase mode at each side of the potential barrier.
Again, the comparison between the NPSE and GP3D is very satisfactory. The
NPSE captures almost completely the dynamics up to times of 100 ms. In all
cases, the NPSE reproduces correctly both the phase difference and population
imbalance. The only sizeable discrepancies occur for times & 80 ms in the run
without equilibrium point (right panel).
An example of simulations around non-trivial equilibrium points is presented in
Fig. 6. These points involve very large and opposite initial population imbalances
for both components. In Fig. 6 we consider a case with initial conditions very close
to the predicted equilibrium point using the standard two-mode, za(0) = −0.78,
and zb(0) = 0.99, with fa = 0.1. Also in the same figure we consider a similar
run but with fa = 0.9. In both cases the NPSE and GP3D predict a very similar
dynamics.
Most of the dynamics described up to now can to a large extent be understood
within two-mode models [22]. There are, however, a number of situations where the
two-mode fails. Some are a direct consequence of having two components evolving
Page 9 of 11
URL: http://mc.manuscriptcentral.com/tandf/tmph
Molecular Physics
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review Only
June 20, 2011 18:50 Molecular Physics papreatto
10 Special Issue in honour of Luciano Reatto
-4 -2 0 2 4
x (µm)
-4 -2 0 2 4
x (µm)
0
0.2
0.4
0.6
0.8
ρ
-4 -2 0 2 4
x (µm)
-4 -2 0 2 4
x (µm)
t=5 ms t=5 mst=55 ms t=55 ms
Figure 6. Two simulations with the same initial conditions, za(0) = −0.78, zb(0) = 0.99, δφa = 0 and
δφb = pi, but with different composition. The case on the left has fa = 0.1 while the case on the right
fa = 0.9. The red lines are obtained by means of a full GP3Dwhile the black lines are the NPSE results.
Solid and dashed lines correspond to the a and b components, respectively.
in the same double-well potential, others are due to having initial configurations,
mostly with large initial imbalances, producing situations where the atom-atom
interaction energy per atom is comparable to the gap between the first excited
state and the second/third excited states.
We can distinguish two different cases: (a) involving excitations along the co-
ordinate which contains the barrier, (b) involving excitations of the transversal
coordinates.
An example of (a) is shown in Fig. 6. There, as clearly seen in the density
profiles along the x direction, the two-mode approximation is no longer valid. The
simplest way of seeing this is by noting the zero in the density of one of the
components at x ∼ 2µm. This effect beyond two-mode is well taken care of by
the NPSEwhich reproduces the density profile quite well during most of the time
evolution considered in the simulation. Thus, the excitations of higher modes along
the direction which has not been integrated out in the 1D reduction do not pose a
great difficulty to the 1D reductions.
The second type of effects beyond two-mode, (b), involve excitations of the trans-
verse components. These effects are present in any binary mixture calculation when-
ever the intra- and inter-species interactions are not equal, see for instance the last
section of [22].
5. Conclusions
The rich dynamical regimes which take place in binary mixtures, like double self-
trapped modes, Josephson oscillations, or zero- and pi-bound phase modes, have
been studied by performing full GP3D simulations covering all the relevant initial
conditions. The 3D numerical solutions of the Gross-Pitaevskii equations have been
used to critically discuss the validity of the most common 1D reductions of the GP
equations, GP1D and NPSE .
To fix the conditions of the dynamics, we have focused in one particular setup
that corresponds to a natural extension of the experiments reported in Ref. [2]:
the case of a binary mixture made by populating two of the Zeeman states of an
F = 1 87Rb condensate. As discussed in the present paper, this setup already
allows to observe and characterize a large variety of phenomena which are genuine
of the binary mixture, e.g. anti-Josephson oscillations in highly polarized cases,
long Rabi-like oscillating modes, zero- and pi-locked modes, etc.
Two commonly employed dimensional reductions of the GP3D , the GP1D and
NPSE , have been shown to differ substantially among each other, with the
NPSE being clearly in much better agreement with the original 3D dynamics in
a broader set of conditions. In general, the GP1D describes essentially the correct
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physics but quantitatively far from the GP3D predictions. Also, for self-trapped
cases already in the single component case, it departs from the two-mode behavior
earlier than the GP3D or the NPSE . The agreement between the NPSE and the
full 3D dynamics is astonishingly good both for single component and the consid-
ered binary mixtures, where the intra- and inter-species are very similar and the
NPSE equations are particularly easy to handle. This agreement is not only seen
on fully integrated magnitudes, for instance population imbalances, but also on the
density profiles predicted along the direction hosting the barrier.
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